The purpose of this paper is to provide a detailed treatment of some subsets of Schechter's essential spectrum of closed, densely defined linear operators subjected to additive perturbations. Our results are used to describe the essential approximate point spectrum and the essential defect spectrum of singular neutron transport operators in bounded geometries.
Introduction
Let X and Y be two Banach spaces. We denote by L(X, Y ) (resp. C(X, Y )) the set of all bounded (resp. closed, densely defined) linear operators from X into Y and we denote by K(X, Y ) the subspace of compact operators from X into Y . For a self-adjoint operator in a Hilbert space, there seems to be only one reasonable way to define the essential spectrum: the set of all points of the spectrum that are not isolated eigenvalues of finite algebraic multiplicity (see, for example [29, 36, 37] ). When dealing with a closed, densely defined linear operator, A, on a Banach space X , various notions of essential spectrum appear in applications of spectral theory (see, for instance [6, 10, 16, 30, 33, 36] ) and the references therein.
For A ∈ C(X), we introduce the following essential spectra The subsets σ eg (·) and σ ew (·) are the Gustafson and Weidmann essential spectra [9] and σ ess (·) denotes the Schechter essential spectrum [30, 32] . σ eap (·) was introduced by V. Rakocević in [25] and denotes the essential approximate point spectrum and σ eδ (·) is the essential defect spectrum and was introduced by C. Schmoeger [33] . If X is a Hilbert space and A is a self-adjoint operator on X, then all these sets coincide.
When dealing with essential spectra of closed, densely defined linear operators on Banach spaces, one of the main problems consists of studying the invariance of the essential spectra of these operators subjected to various kinds of perturbation. Among the works in this direction we quote, for example, [11] [12] [13] 30, 31] . This work is devoted to this question and continues the works started in [26, 33] . Letting A ∈ C(X), the question is what are the conditions that we must im-
If K is a compact operator on the Banach space X , then the result follows from the definitions of σ eap (·) and σ eδ (·). If K is an upper semi-Fredholm perturbation (see, Definition 2.5), it is shown in [26] that σ eap (A + K ) = σ eap (A). But in practice, the perturbed operator K is neither compact nor upper semi-Fredholm perturbation (see Section 5) . So it is natural to find a larger class of operators, which occur in applications, for which we have the invariance of σ eap (A) and σ eδ (A). For this, the aim of this paper consists principally of considering the class of A-bounded operators K (not necessarily bounded) such that 
In the last section we study the essential approximate point spectrum and the essential defect spectrum of the following singular neutron transport operator
with vacuum boundary conditions, i.e., ψ |Γ − = 0 with
where ν x stands for the outer unit normal vector at about the equilibrium distribution. The functions σ (·) and κ(·,·) are called, respectively, the collision frequency and the scattering kernel and will be assumed to be unbounded. More precisely, we will assume that there exists a closed subset O ⊂ R n with zero dμ measure and a constant σ 0 > 0 such that
where q denotes the conjugate exponent of p. These assumptions were motivated by free gas models (cf. [22, 34] ) and were already used by M. Mokhtar-Kharroubi [21] in L 1 spaces and by B. Lods [20] in the case of L p spaces. The first part of the condition (1.1) means that the singularities of the collision frequency are contained in a set of zero dμ measure. Actually, unbounded and nonnegative collision frequencies act as strong absorptions which might lead to unbounded collision operators.
We organize our paper in the following way: In Section 2 we gather some results and notations from Fredholm theory connected with Sections 3 and 4. In Section 3 we present a new characterization of the essential approximate point spectrum and the essential defect spectrum. The main results of this section are Theorems 3.1 and 3.2. Section 4 is devoted to the spectral mapping theorem for σ eap (·) and σ eδ (·) in a special case which occurs in applications. Finally, in Section 5 we apply the results of Section 3 to investigate the essential approximate point spectrum and the essential defect spectrum of the singular neutron transport operator with vacuum boundary conditions. The concept of strictly singular operators was introduced in the pioneering paper by T. Kato [15] as a generalization of the notion of compact operators. For a detailed study of the properties of strictly singular operators we refer to [5, 15] . Note
Preliminaries
In general, strictly singular operators are not compact (cf. [4, 5] ) and if Let C S(X, Y ) denote the set of strictly cosingular operators from X to Y . This class of operators was introduced by A. Pelczynski [24] . It forms a closed subspace of has the property DP [8] . For further examples we refer to [1] or [3, pp. 494, 497, 508 and 511] . Note that the property DP is not preserved under conjugation. However, if X is a Banach space whose dual has the property DP then X has the property DP (see, [2, Corollary, p. 177] ). For more information we refer to [1, 2] which contains a survey and exposition of the Dunford-Pettis property and related topics. Definition 2.5. Let X and Y be two Banach spaces and let F ∈ L(X, Y ).
We denote by F (X, Y ) the set of Fredholm perturbations and by F + (X, Y ) (resp. F − (X, Y )) the set of upper semiFredholm (resp. lower semi-Fredholm) perturbations.
The sets of Fredholm perturbations and semi-Fredholm perturbations were introduced and investigated in [4] . In particu-
In general, we have the following inclusions
J.I. Vladimirskii [35] .
, we discuss two cases. 
Main results
The purpose of this section is to discuss the essential approximate point spectrum and the essential defect spectrum of a closed, densely defined linear operator on a Banach space X . We begin with the following useful result. This lemma is well known for bounded upper semi-Fredholm operators. The proof is a straightforward adaption of the proof of Theorem 3.9 in [38] .
The results of the next proposition was established in [25] and [33] for bounded linear operators. We will improve it for closed, densely defined linear operators. This result is a characterization of the essential approximate point spectrum (resp. the essential defect spectrum) by means of upper semi-Fredholm (resp. lower semi-Fredholm) operators. 
This completes the proof of (i).
The proof of (ii) is a straightforward adoption of the proof of Proposition 7 in [33] .
(iii) This assertion follows, immediately, from (i) and (ii). 2
Remark 3.1. It follows, immediately, from Proposition 3.1 that, for A ∈ C(X)
where σ C (·) (resp. σ R(·)) stands for the continuous spectrum (resp. the residual spectrum). 
Let J be an arbitrary A-bounded operator. Hence we can regard A and J as operators from X A into X . They will be denoted byÂ andĴ respectively. These belong to L(X A , X). Furthermore, we have the obvious relations
Let A ∈ C(X) with a non-empty resolvent set. We define the upper spectrum of A by
We also, define the lower spectrum of A by
We are now in the position to express the main result of this section. (e) Let A ∈ C(X). If 
Theorem 3.1. Let X be a Banach space and A ∈ C(X) with a non-empty resolvent set. Then
where σ P (·) stands for the point spectrum.
Proof of Theorem 3.1. 
of X , then Y itself is a Banach space with the same norm. Therefore
where I denotes the embedding operator which maps every x ∈ Y onto the same element in X . 
We conclude the proof by using Proposition 3.1. 2 Corollary 3.1. Let X be a Banach space and M(X) be any subset of L(X). Then 
In the next theorem we will give a characterization of σ eδ (·) by means of A-bounded perturbations. Theorem 3.2. Let X be a Banach space and A ∈ C(X) with a non-empty resolvent set. Then
Reasoning now in the same way as in the proof of Theo- ρ(B) ). So the following useful stability result.
Proof. Without loss of generality, we suppose that λ = 0. Hence 0 ∈ ρ(A) ∩ ρ(B). Therefore, we can write for μ = 0
Since, A is one to one and onto, then
This shows that μ ∈ Φ +A (resp. Φ −A ) if and only if μ −1 ∈ Φ +A −1 (resp. Φ −A −1 ), in this case we have
Hence the use of Proposition 3.1 makes us conclude
). This proves the first part of (i) and (ii 
Spectral mapping theorem
The aim of this section is to discuss a spectral mapping theorem for σ eap (·) and σ eδ (·) in a special case which occurs in applications.
The results of the following theorem were established respectively by V. Rakočević [27, Theorem 3.3] and C. Schmoeger [33, Theorem 3] for bounded linear operators. Using the same method as developed in [6, p. 30] we can express the theorem for closed unbounded linear operators. For the convenience of the reader we include a proof. 
Proof. Let β be a fixed point in ρ(A) and define the function ψ by 
This proves the result for σ eap (·). The result for σ eδ (·) can be checked in the same way. 2
Let us recall that the spectral mapping theorem holds true for σ eg (·) and σ ew (·) (cf. [6] ). However, a counter-example given in [26] shows that, in general, it is false for σ eap (·). The following result provides a spectral mapping theorem for the essential approximate point spectrum and the essential defect spectrum in a special case which occurs in applications. 
Proof. For k = 1 the result follows from the hypothesis σ eap (A 1 ) = σ eg (A 1 ) and [6, Theorem 7] . For the case k = 2, the inclusion
Hence it follows, from Theorem 3.3 and the hypothesis σ eap (A 1 ) = σ eg (A 1 ), that μ ∈ σ eg (A 2 ). Now, applying the spectral mapping theorem for σ eg (·) [6, Theorem 7 A 2 ) ). This proves the result for σ eap (·). The result for σ eδ (·) can be proved in the same way. 2
Application to transport equation
The aim of this section is the study of the essential approximate point spectrum and the essential defect spectrum of the following singular neutron transport operator
with vacuum boundary conditions, i.e., ψ |Γ − = 0 with The main feature is that the collision frequency σ (·) and the collision operators K , where K denotes the integral part of A, are unbounded. Actually, an unbounded collision frequency σ (·) acts as a strong absorption which allows the unboundedness of K . We will assume that the scattering kernel κ(·,·) is non-negative and there exists a closed subset O ⊂ R where q denotes the conjugate exponent of p.
Before going further we first recall the functional setting of the problem: Let
We define the space W p by W p = {ψ ∈ X p such that v · ∇ x ψ ∈ X p }. We define the streaming operator T by
The transport operator can be formulated as follows A = T + K where K is the following collision operator
We denote by K the following operator
It follows from the assumption (
.
Using the boundedness of D we find that K ∈ L(X σ p , X p ) with
. (5.3) Note that a simple calculation using the assumption (5.1) shows that X σ p is a subset of X p and the embedding X σ p → X p is continuous.
Let ϕ ∈ X p and λ ∈ C. We seek ψ in D(T ) satisfying (λ − T )ψ = ϕ. 
